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, , , Abstract 

X 

' In this paper we fill a necessary gap in order to realize the explicit compari- 

son between the Kaluza Klein spectra of supergravity compactified on AdS^ x X'^ 
and super conformal field theories living on the world volume of M2-branes. On 
the algebraic side we consider the superalgebra Osp{M\4:) and we study the dou- 
ble intepretation of its unitary irreducible representations either as supermultiplets 
of particle states in the bulk or as conformal superfield on the boundary. On the 
lagrangian field theory side we construct, using rheonomy rather than superfield 
techniques, the generic form of an = 2, = 3 gauge theory. Indeed the super- 
conformal multiplets are supposed to be composite operators in a suitable gauge 
theory. 
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1 Introduction 



One of the most exciting developments in the recent history of string theory has been the 
discovery of the holographic AdS / CFT correspondence |]T], ^ ^ ^ ^ ^ : 

SCFT on d{AdSp+2) ^ SVGR A on AdS p+2 (1-1) 

between a d = p + 1 quantum superconformal field theory on the boundary of anti de 
Sitter space and classical Kaluza Klein supergravity [0, ||, ^, [11|] , [13|' 0' 0' 0' HZ 



[0, 1^, , ^ 1^, 1^, |2^, |26| emerging from compactification of either superstrings 



or M-theory on the product space 

AdSp+2 X X''-^-^ (1.2) 

where X^~f'~''^ is a D — p — 2-dimensional compact Einstein manifold. 
The present paper deals with the case: 

p = 2 ^ d = 3 (1.3) 

and studies two issues: 

1. The relation between the description of unitary irreducible representations of the 
Osp{2\4) superalgebra seen as off-shell conformal superfields in c? = 3 or as on-shell 
particle super mult iplets in d = 4 anti de Sitter space. Such double interpretation of 
the same abstract representations is the algebraic core of the AdS/CFT correspon- 
dence. 

2. The generic component form of an A/" = 2 gauge theory in three space-time di- 
mensions containing the supermultiplet of an arbitrary gauge group, an arbitrary 
number of scalar multiplets in arbitrary representations of the gauge group and with 
generic superpotential interactions. This is also an essential item in the discussion of 
the AdS/CFT correspondence since the superconformal field theory on the bound- 
ary is to be identified with a superconformal infrared fixed point of a non abelian 
gauge theory of such a type. 

Before presenting our results we put them into perspective through the following intro- 
ductory remarks. 

1.1 The conceptual environment and our goals 



The logical path connecting the two partners in the above correspondence ( |1 . 1| ) starts from 
considering a special instance of classical p-brane solution of D-dimensional supergravity 
characterized by the absence of a dilaton (a = in standard p-brane notations) and by 
the following relation: 

dd 

= 2 1.4 

D-2 ^ ^ 

between the dimension d = p + 1 of the p-brane world volume and that of its magnetic 
dual d = D — p — 3. Such a solution is given by the following metric and p + 2 field 
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strength: 



kV' 1 



F = dA = \{-r+h,n,...m,+,dx^' A ... A (ix^^+i ^dr\l + ^\ ^ . (1.5) 

In eq. ( |1.5|) ds\{y) denotes the Einstein metric on the compact manifold X^"^"^ and the 
D coordinates have been subdivided into the following subsets 

• (m = 0, . . . ,p) are the coordinates on the p-brane world-volume, 

• r = radial ® = angular on {x = D — d + 2, . . . , D) are the coordinates 
transverse to the brane. 

In the limit r ^ the classical brane metric (is^,,^„g approaches the following metric: 

ds'^ = dx"" (g) dx"" T]mn - ^ dr^ - k'^''^ds\{y) ^^^^ 

that is easily identified as the standard metric on the product space AdSp^2 x 
Indeed it suffices to set: 

p ^ ^d/d 0d+d)/d^ l^^ j-^ 

to obtain : 



ds\ds = { dx^ ® dx^ Vn.n - ^ 1 ' (1-9) 



where ( [1.9D is the canonical form of the anti de Sitter metric in solvable coordinates 
On the other hand, for r ^ oo the brane metric approaches the limit: 

dslrane ' ^ dx^ ® dx^ r]mn " dr'^ + dsx(y) 

' ' ' ^ : ' (1.10) 

where Mp+i denotes Minkowski space in p + 1 dimensions while C (^X'^"^"^ j denotes the 
D — p ~ 1 dimensional metric cone over the horizon manifold X^'^'"^. The key point is 
that (compactified) Minkowski space can also be identified with the boundary of anti de 
Sitter space: 

d{AdSp^2) = Mp+,, (1.11) 

so that we can relate supergravity on AdSp+2 x X^"^"^ to the gauge theory of a stack of 
p-branes placed in such a way as to have the metric cone as transverse space (see fig.|I|) 

C (^X^'^'"^^ = transverse directions to the branes. (1-12) 
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Figure 1: The metric cone C (X^ ^ ^) is transverse to the stack of branes 




According to current lore on brane dynamics [^0|, ^ ^ if the metric cone 
C(X^~P~^) can be reintepreted as some suitable resolution of an orbifold singularity 

PI, m, m, F< 



C{X 



resolution of 



discrete group, 



;i.i3) 



then there are means to identify a gauge theory in Mp+i Minkowski space with super- 
symmetry Af determined by the holonomy of the metric cone, whose structure and field 
content in the ultraviolet limit is determined by the orbifold R^~^~^/T. In the infrared 
limit, corresponding to the resolution C(X^~^~^), such a gauge theory has a superconfor- 
mal fixed point and defines the superconformal field theory SCFTp+i dual to supergravity 
on AdSp+2 X 

In this general conceptual framework there are three main interesting cases where the 
basic relation (11.41) is satisfied 



p = 3 D 
p = 2 D 
p = 5 D 
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AdSr^ X X^ 
AdSi X 
AdSj X X^ 



D3-brane of type IIB theory 
M 2-brane of M-theory 
M5-brane of M-theory 



;i.i4) 



The present paper focuses on the case of M2 branes and on the general features of A/" = 2 
superconformal field theories in c? = 3. Indeed the final goal we are pursuing in a series of 
papers is that of determining the three-dimensional superconformal field theories dual to 
compactifications of D=ll supergravity on AdS^ x X'', where the non spherical horizon 
X'' is chosen to be one of the four homogeneous sasakian 7-manifolds G/H: 



X' 



V.2 



SU{3)xSU{2)xU(l) 
51/(2) X [/(I) X 1/(1) 
SU(2)xSUl2)xSU(2) 
C/(l)xl/(l) 
SU(3) 
U{1) 
SO{5)xSO{2) 
50(3)x50(2) 



(1.15) 



that were classified in the years 1982-1985 |[13| , pT| |2^ when Kaluza Klein supergravity 
was very topical. The Sasakian structure |3l|, ^] oi G/H reflects its holonomy 
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and is the property that guarantees Af = 2 supersymmetry both in the bulk AdS4^ and 
on the boundary M3. Kaluza Klein spectra for = 11 supergravity compactified on the 
manifolds ( p,.15D have already been constructed or are under construction ||3^ and, 



once the corresponding superconformal theory has been identified, it can provide a very 
important tool for comparison and discussion of the AdS/CFT correspondence. 

1.2 The specific problems addressed and solved in this paper 

In the present paper we do not address the question of constructing the algebraic conifolds 
defined by the metric cones C{G/H) nor the identification of the corresponding orbifolds. 
Here we do not discuss the specific construction of the superconformal field theories as- 
sociated with the horizons ( |1.15D which is postponed to future publications we 
rather consider a more general problem that constitutes an intermediate and essential 
step for the comparison between Kaluza Klein spectra and superconformal field theories. 
As anticipated above, what we need is a general translation vocabulary between the two 
descriptions of Osp{Af\4:) as the superisometry algebra in anti de Sitter A/'-extended d = 4 
superspace and as a superconformal algebra in d = 3. In order to make the comparison 
between superconformal field theories and Kaluza Klein results explicit, such a transla- 
tion vocabulary is particularly essential at the level of unitary irreducible representations 
(UIR). On the Kaluza Klein side the UIR.s appear as supermultiplets of on-shell particle 
states characterized by their square mass which, through well established formulae, is 
expressed ClS db quadratic form: 

= c{Eo- a){Eo-b) (1.16) 

in the energy eigenvalue Eq of a compact S0{2) generator, by their spin s with respect to 
the compact SO (3) little group of their momentum vector and, finally, by a set of SO{Af) 
labels. These particle states live in the bulk of AdS4^. On the superconformal side the 
UIR.s appear instead as multiplets of primary conformal operators constructed out of the 
fundamental fields of the gauge theory. They are characterized by their conformal weight 
D, their S0{1,2) spin J and by the labels of the SO{Af) representation they belong 
to. Actually it is very convenient to regard such multiplets of conformal operators as 
appropriate conformally invariant superfields in d = 3 superspace. 

Given this, what one needs is a general framework to convert data from one language 
to the other. 

Such a programme has been extensively developed in the case of the AdS^/CFTi 
correspondence between A/" = 4 Yang-Mills theory in D = 4, seen as a superconformal 
theory, and type IIB supergravity compactified on AdS^ x S^. In this case the supercon- 
formal algebra is SU{2,2\A) and the relation between the two descriptions of its UIR.s 
as boundary or bulk supermultiplets was given, in an algebraic setup, by Gunaydin and 
collaborators ||3^, while the corresponding superfield description was discussed in a 
series of papers by Ferrara and collaborators ^ ^ . 

A similar discussion for the case of the Osp(A/'|4) superalgebra was, up to our knowl- 
edge, missing so far. The present paper is meant to fill the gap. 

There are relevant structural differences between the superalgebra G = SU{2,2\Af) 
and the superalgebra G = Osp(A/'|4) but the basic strategy of papers ||3^, |3^ that consists 



of performing a suitable rotation from a basis of eigenstates of the maximal compact 
subgroup 50(2) x SO{p + 1) C G to a basis of eigenstates of the maximal non compact 
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subgroup S0{1, 1) X SO{l,p) C G can be adapted. After such a rotation we derive the 
d = 3 superfield description of the supermuhiplets by means of a very simple and powerful 
method based on the supersolvable parametrization of anti de Sitter superspace |^. By 
definition, anti de Sitter superspace is the following supercoset: 

OspjAflA) 

^^^^1^ = 30(1,3) xSOiAf) ^^-^^^ 

and has 4 bosonic coordinates labeling the points in AdS4^ and 4xAf fermionic coordinates 
B"* that transform as Majorana spinors under S0{1,3) and as vectors under SO{Af). 
There are many possible coordinate choices for parametrizing such a manifold, but as far 
as the bosonic submanifold is concerned it was shown in that a particularly useful 
parametrization is the solvable one where the AdS^ coset is regarded as a non-compact 
solvable group manifold: 

AdS, ^ -^^1^ = exp [Solv,,s] (1.18) 

The solvable algebra Solvads is spanned by the unique non-compact Cartan generator D 
belonging to the coset and by three abelian operators Pm {ttl = 0, 1,2) generating the 
translation subalgebra in d = 1 + 2 dimensions. The solvable coordinates are 

p ^ D ; z^ ^ (1.19) 



and in such coordinates the AdS^ metric takes the form (|1.9| ). Hence p is interpreted as 
measuring the distance from the brane-stack and z"^ are interpreted as cartesian coordi- 



nates on the brane boundary d{AdS4). In |Q we addressed the question whether such 



a solvable parametrization of AdS^ could be extended to a supersolvable parametrization 



of anti de Sitter supersapce as defined in ( |1.17|) . In practice that meant to single out a 



solvable superalgebra with 4 bosonic and 4x Af fermionic generators. This turned out to 
be impossible, yet we easily found a supersolvable algebra SSolvads with 4 bosonic and 
2 X A/" fermionic generators whose exponential defines solvable anti de Sitter superspace: 

AdS[^2M^ = exp [SSolvads] (1.20) 

The supermanifold ( |1.2(]| ) is also a supercoset of the same supergroup Osp(A/'|4) but with 
respect to a different subgroup: 

Ad\\,^ - CS0{l,2\Af) ^^-^^^ 

where (750(1, 2|A/') C Osp{N'\4) is an algebra containing 3+3+^^^-^^^^ bosonic generators 
and 2 X Af fermionic ones. This algebra is the semidirect product: 

CS0{l,2\Ar) = 150(1, 2 1 AT) X 50 (AT) 



semidirect 



;i.22) 



of A/'-extended superPoincare algebra m. d = 3 (150(1, 2|A/')) with the orthogonal group 
SO (A/). It should be clearly distinguished from the central extension of the Poincare 
superalgebra Z [150(1, 2 1 A/")] which has the same number of generators but different 
commutation relations. Indeed there are three essential differences that it is worth to 
recall at this point: 
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Figure 2: Boundary superfields are obtained as limiting values of superfields in the bulk 




1. In Z\lS0{\^1\My\ the M{M — l)/2 internal generators Z*-' are abelian, while in 
(750(1, 2 1 A/") the corresponding T*-' are non abelian and generate SO{J\f). 

2. In Z [IS0{1, 2|A/')] the supercharges g"* commute with Z^^ (these are in fact central 
charges), while in (75*0(1, 2|A/') they transform as vectors under T*-^ 

3. In Z [IS0{1,2\JV)] the anticommutator of two supercharges yields, besides the 
translation generators Pm, also the central charges Z*-', while in CS0{l,2\J\f) this 
is not true. 

We will see the exact structure of CS0{l,2\Af) C Osp{^^\4:) and of IS0{1,2\^^) C 
CS0{l,2\Af) as soon as we have introduced the full orthosymplectic algebra. In the su- 
perconformal interpretation of the Osp(A/'|4) superalgebra, CS0{l,2\Af) is spanned by 
the conformal boosts K^, the Lorentz generators J"^ and the special conformal super- 
symmetries s^. Being a coset, the solvable A(i5-superspace AdS^2M^ supports a non 
linear representation of the full Osp(A/'|4) superalgebra. As shown in [Q, we can regard 



AdS[^2M^ as ordinary anti de Sitter superspace AdS4\j^ where 2 x A/" fermionic coordinates 
have being eliminated by fixing K-supersymmetry. 

Our strategy to construct the boundary superfields is the following. First we construct 
the supermultiplets in the bulk by acting on the abstract states spanning the UIR with the 
coset representative of the solvable superspace AdS^^^M^ and then we reach the boundary 
by performing the limit p —>■ (see fig. |^) 

The general structure of the Osp{2\A) supermultiplets that may appear in Kaluza 
Klein supergravity has been determined recently in p9| through consideration of a spe- 



cific example, that where the manifold is the sasakian M^'^'^. Performing harmonic 
analysis on M^'^'^ we have found graviton, gravitino and vector multiplets both in a long 
and in a shortened version. In addition we have found hypermultiplets that are always 
short and the ultra short multiplets corresponding to massless fields. According to our 
previous discussion each of these multiplets must correspond to a primary superfield on 
the boundary. We determine such superfields with the above described method. Short 
supermultiplets correspond to constrained superfields. The shortening conditions relat- 
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ing mass and hypercharges are retrieved here as the necessary condition to mantain the 
constraints after a superconformal transformation. 

As we anticipated above these primary conformal fields are eventually realized as com- 
posite operators in a suitable M = 2, d = 3 gauge theory. Hence, in the second part of 
this paper we construct the general form of such a theory. To this effect, rather than 
superspace formalism we employ our favorite rheonomic approach that, at the end of the 
day, yields an explicit component form of the lagrangian and the supersymmetry trans- 
formation rules for all the physical and auxiliary fields. Although supersymmetric gauge 
theories in c? = 3 dimensions have been discussed in the literature through many examples 
(mostly using superspace formalism) a survey of their general form seems to us useful. 
Keeping track of all the possibilities we construct a supersymmetric off-shell lagrangian 
that employs all the auxiliary fields and includes, besides minimal gauge couplings and 
superpotential interactions also Chern Simons interactions and Fayet Iliopoulos terms. 
We restrict however the kinetic terms of the gauge fields to be quadratic since we are 
interested in microscopic gauge theories and not in effective lagrangians. Generalization 
of our results to non minimal couplings including arbitrary holomorphic functions of the 
scalars in front of the gauge kinetic terms is certainly possible but it is not covered in our 
paper. 

In particular we present general formulae for the scalar potential and we analyse the 
further conditions that an A/" = 2 gauge theory should satisfy in order to admit either 
A/" = 4 or A/" = 8 supersymmetry. This is important in connection with the problem 
of deriving the ultraviolet orbifold gauge theories associated with the sasakian horizons 
( |1.15| ). Indeed a possible situation that might be envisaged is that where at the orbifold 
point the gauge theory has larger supersymmetry broken to AA = 2 by some of the 
perturbations responsible for the singularity resolution. It is therefore vital to write 
A/" = 4 and Af = 8 theories in A/" = 2 language. This is precisely what we do here. 



1.3 Our paper is organized as follows: 

In section ^ we discuss the definition and the general properties of the orthosymplectic 
Osp{J\f\4:) superalgebra. In particular we discuss its two five-gradings: compact and 
non compact, the first related to the supergravity interpretation , the second to the 
superconformal field theory interpretation. 

In section ^ we discuss the supercoset structure of superspace and the realization of 
the Osp(A/'|4) superalgebra as an algebra of transformations in two different supercosets, 
the first describing the bulk of AdS^, the second its boundary d{AdSi). 

In section | we come to one of the main points of our paper and focusing on the case 
A/" = 2 we show how to construct boundary conformal superfields out of the Kaluza Klein 
Osp(2|4) supermultiplets. 

In section | we discuss the rheonomic construction of a generic J\f = 2, d = 3 gauge 
theory with arbitrary field content and arbitrary superpotential interactions. 

In section ^ we briefly summarize our conclusions. 

Finally in appendix ^ the reader can find the explicit derivation of the Killing vectors 
generating the action of the Osp(A/'|4) superalgebra on superspace. These Killing vectors 
are an essential tool for the derivation of our result in section ^ 
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2 The Osp{Af\4:) superalgebra: definition, properties 
and notations 

The non compact superalgebra Osp{J\f\4:) relevant to the AdS^/CFT^ correspondence is 
a real section of the complex orthosymplectic superalgebra Osp(A/'|4,C) that admits the 
Lie algebra 

Geven = Sp{A, IR) X S0{^^, IR) (2.1) 

as even subalgebra. Alternatively, due to the isomorphism 5*^(4, H) = Usp{2, 2) we can 
take a different real section of Osp{Af\4:,<C) such that the even subalgebra is: 

G;_ = f/.p(2,2)xSO(Ar,lR) (2.2) 

In this paper we mostly rely on the second formulation ( p^.2D which is more convenient to 
discuss unitary irreducible representations, while in (|Q) we used the first (|2.1| ) that is 
more advantageous for the description of the supermembrane geometry. The two formu- 
lations are related by a unitary transformation that, in spinor language, corresponds to 
a different choice of the gamma matrix representation. Formulation ( p.l|) is obtained in 
a Majorana representation where all the gamma matrices are real (or purely imaginary), 
while formulation ( p. 21) is related to a Dirac representation. 

Our choice for the gamma matrices in a Dirac representation is the following oneQ: 

r° = ( J \ ^ ^ ^J ^^^^ ^ ^^^^3 ^^^^^ 

having denoted by C[4] the charge conjugation matrix in 4-dimensions C[4] C^^ = 

Then the Osp(A/'|4) superalgebra is defined as the set of graded (4 + J\f) x (4 + J\f) 
matrices /i that satisfy the following two conditions: 



,T ^C[4] \ ^ /q4] 



(2.4) 



the first condition defining the complex orthosymplectic algebra, the second one the real 
section with even subalgebra as in eq.( p.2|) . Eq.s (|2.4|) are solved by setting: 



In eq.d;!) Sij = arbitrary real antisymmetric J\f x J\f tensor, = —P^ is the 

antisymmetric Af x JV matrix: 

= i {6l6i, - 6l6i) (2.6) 



"'^we adopt as explicit representation of the 5*0(3) r matrices a permutation of the canonical Pauli 
matrices cr": = , = cr^ and = a^; for the spin covering of 5*0(1, 2) we choose instead the 
matrices 7 defined in (2.17). 
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namely a standard generator of the SO{Af) Lie algebra 



iTsr^ A = fi = 0,1,2,3 



(2.7) 



denotes a realization of the 5*0(2,3) Clifford algebra: 



Vab 



diag(+, 



and 



T 



(2.8) 
(2.9) 



e^ = q4](e^) {^ = l,...^^) 

are JV anticommuting Majorana spinors. 

The index conventions we have so far introduced can be summarized as follows. 
Capital indices A,B = 0,1,..., 4 denote 5*0(2, 3) vectors. The latin indices of type 
i,j,k = l,...,Af are SO{M) vector indices. The indices a,b,c,... = 1,2,3 are used 
to denote spatial directions of AdS^. rjab = diag(— ,—,—), while the indices of type 
m,n,p,... = 0,1,2 are space-time indices for the Minkowskian boundary d{AdS4): 
Vmn = diag(+,— ,— ). To write the Osp{M\4:) algebra in abstract form it suffices to 
read the graded matrix ( p. 51) as a linear combination of generators: 



(2.10) 



where = 0[4] (Q*) are also Majorana spinor operators. Then the superalgebra reads 
as follows: 



[Mab , McD 
Mab , Q[ 

rpij ^ Qk 



i (tjadMbc + VbcMad - VacMbd - VbdMac) 
— i (5^'' T*' — 5"^^ T^^ — 5^^ T^^ + 5*' t^^) 

-ii [Ta.Tb] 

-i [b^^Q' Q^) 

:1 r. 



B 
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MAB + iS'^pT'^ 



(2.11) 



The form (|2.11|) of the Osp(A/'|4) superalgebra coincides with that given in papers [|l^,||T7| 
and utilized by us in our recent derivation of the M^^^ spectrum |p9|| . 

In the gamma matrix basis (|2.3|) the Majorana supersymmetry charges have the fol- 
lowing form: 



I3i 



[2.12) 



where aj^ are two-component 5L(2,C) spinors: a, P, . . . = 1,2. We do not use dotted and 
undotted indices to denote conjugate 5L(2,C) representations; we rather use higher and 
lower indices. Raising and lowering is performed by means of the e-symbol: 



(2.13) 
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6^. Unwritten indeces are contracted according to 



where £12 = e'^^ = 1, so that e^^e'''^ 
the rule ^^from eight to two" . 

In the second part of the paper where we deal with the lagrangian of d = 3 gauge 
theories, the conventions for two-component spinors are slightly modified to simplify the 
notations and avoide the explicit writing of spinor indices. The Grassman coordinates of 
J\f=2 three-dimensional superspace introduced in equation ( [4.2|) , 9^, are renamed 9 and 
9^^. The reason for the superscript is that, in three dimensions the upper and lower 
components of the four-dimensional 4-component spinor are charge conjugate: 



9' = C[,/, 9 = 9^j^ 
where C[3] is the d = 3 charge conjugation matrix: 



(7' 



■m\t 



(2.14) 



(2.15) 



The lower case gamma matrices are 2x2 and provide a realization of the d = 2+l Clifford 
algebra: 

{7™,7"} = r/™" (2.16) 

Utilizing the following explicit basis: 



7 
7^ 
1' 



—la 



[3] 



(2.17) 

both 7° and Cpj become proportional to Sap- This implies that in equation ( p.l4| ) the 
role of the matrices C[3] and 7° is just to convert upper into lower 5'L(2,C) indices and 
viceversa. 

The relation between the two notations for the spinors is summarized in the following 
table: 



{9+Y 


V29 






{9~r 


-iV29^ 




~iV29 



(2.18) 



With the second set of conventions the spinor indices can be ignored since the contrac- 
tions are always made between barred (on the left) and unbarred (on the right) spinors, 
corresponding to the eight to two" rule of the first set of conventions. Some examples of 
this ^transcription" are given by: 
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= i^(^+)„(7)"^(r )^ 



(2.19) 



2.1 Compact and non compact five gradings of the Osp{J\f\4) 
superalgebra 



As it is extensively explained in ||36|, a non-compact group G admits unitary irreducible 
representations of the lowest weight type if it has a maximal compact subgroup G° of the 



10 



form G'^ = H X U{1) with respect to whose Lie algebra g'^ there exists has a three grading 
of the Lie algebra g of G. In the case of a non-compact superalgebra the lowest weight 
UIR.s can be constructed if the three grading is generalized to a five grading where the 
even (odd) elements are integer (half-integer) graded: 

9 = 9'^ ® 9'^ ® g'' ® 9^^ ® (2.20) 



9^9' 



^gk+i = for |A: + /| > 1. (2.21) 



For the supergroup Osp(A/'|4)) this grading can be made in two ways, choosing as grade 
zero subalgebra either the maximal compact subalgebra 

g^ = S0{3) X S0{2) X SOiAT) C Osp{Ar\4) (2.22) 

or the non-compact subalgebra 

g^ = S0{1, 2) X ^0(1, 1) X SOiAT) C Osp{Ar\4) (2.23) 

which also exists, has the same complex extension and is also maximal. 

The existence of the double five-grading is the algebraic core of the AdS^/GFT^ 
correspondence. Decomposing a UIR of Osp{J\f\4) into representations of g^ shows its 
interpretation as a supermultiplet of particles states in the bulk of AdS^, while decompos- 
ing it into representations of g^ shows its interpretation as a supermultiplet of conformal 
primary fields on the boundary d{AdS4). 

In both cases the grading is determined by the generator X of the abelian factor 5*0(2) 
or 30(1,1): 

[X,/]=fc/ (2.24) 

In the compact case (see |T6[) the 5*0(2) generator X is given by M04. It is interpreted 
as the energy generator of the four-dimensional AdS theory. It was used in |3 and [H 
for the construction of the Osp(2|4) representations, yielding the long multiplets of |17 
and the short and ultra-short multiplets of [|29|. We repeat such decompositions here. 
We call E the energy generator of 5*0(2), La the rotations of 5*0(3): 

E = Mo4, 

La = \eabcMbc, (2.25) 

and the boosts: 

M+ = -Mai + iMoa, 

M- = Ma4 + tMoa. (2.26) 

The supersymmery generators are and a"*. Rewriting the Osp(A/'|4) superalgebra 
( |2.11D in this basis we obtain: 



[E,M-] = -M, 

[La, Lfj] = iSabcLc 



a 5 
a 1 
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= 2 5abE + 2i Eabc 






= i Eabc , 






= i Eabc M~ , 


















= -I {5^'' ai - S"" 


<), 










- i a"' 

2 " ' 












= -{raT'a^p. 












= -HrJ^a^S 






= 6'^{T%pM^, 






= 5''{t^Y^M+, 






= 6'^6jE + 6'^ 





77 rpik 



Lk + iS^^TK (2.27) 

The five-grading structure of tlie algebra ( |2.27| ) is sliown in fig. |^ In the superconfor- 
mal field theory context we are interested in the action of the Os]9(A/'|4) generators on 
superfields living on the minkowskian boundary d{AdS4). To be precise the boundary is 
a compactification of d = 3 Minkowski space and admits a conformal family of metrics 
gmn = 4'{z)Timn couformally equivalent to the the fiat Minkowski metric 

Vmn = (+, -) , m,n,p,q = 0,l,2. (2.28) 

Precisely because we are interested in conformal field theories the the choice of represen- 
tative metric inside the conformal family is immaterial and the fiat one (|2.28|) is certainly 



the most convenient. The requested action of the superalgebra generators is obtained 
upon starting from the non-compact grading with respect to ( p.23| ). To this effect we 
define the dilatation 5*0(1,1) generator D and the Lorentz 50(1,2) generators J™ as 
follows: 

D = iMs4, ^" = I e'^^'^Mpg . (2.29) 

In addition we define the the d = 3 translation generators Pm and special conformal 
boosts Km as follows: 

Pm = Mmi — Msm , 

Km = MmA + ■ (2.30) 

Finally we define the generators of c? = 3 ordinary and special conformal super symmetries, 
respectively given by: 

< = ^ (-< + • (2.31) 
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boosts 



1/2 susy generators 



SO(3) rotations 
and Energy 

susy generators 



-1/2 



-1 



boosts 



Figure 3: Schematic representation of the root diagram of Osp{N\4:) in the 5*0(2) x SO{'i) 
basis. The grading w.r.t. the energy E is given on the right. 



The SO{N') generators are left unmodified as above. In this new basis the Osp(A/'|4)- 
algebra ( |2.11|) reads as follows 





= -p 






— K 




\Jm^ Jn\ 


— F F 




[-K'm; -Pn] 


2 TjjYin D 


^ ^ mnp ) 




— F PP 




\Jmi -^n\ 


^ mnp ^ ^ ) 






= -i{5^^T^ 


_ rpjl _ ^jl rpik _|_ ^il rpjk-^ 














[D,qn 


= 






= ^s' 

2 a ? 





[P 



im 



{q''\q^'} 



'2 



'napq^\ 

i_ 
2 



^2.32) 



and the five grading structure of eq.s ( |2.32| ) is displayed in fig.||. In both cases of fig.H 
and fig.§ if one takes the subset of generators of positive grading plus the abelian grading 

generator ~ \y) '^'^^ obtains a solvable superalgebra of dimension 4 + 2J\f. It is 
however only in the non compact case of fig.^ that the bosonic subalgebra of the solvable 
superalgebra generates anti de Sitter space AdSi as a solvable group manifold. Therefore 
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translations 



-1/2 susy generators 

S0(l,2) Lorentz 
and dilatation 

1/2 special susy 

1 special conformal 



Figure 4: Schematic representation of the root diagram of Osp{M\4:) in the S0{1, 1) x S0{1, 2) 
basis. Tlie grading w.r.t. the dilatation D is given on the right. 



the solvable superalgebra Ssolvads mentioned in eq. ( |1.20| ) is the vector span of the 
following generators: 

Ssolvads = span {p„, D, g"*} (2.33) 

2.2 The lowest weight UIR.s as seen from the compact and non 
compact five— grading viewpoint 

The structure of all the Osp{2\A) supermultiplets relevant to Kaluza Klein supergravity 
is known. Their spin content is upper bounded by s = 2 and they fall into three classes: 
long, short and ultrashort. Such a result has been obtained in by explicit harmonic 
analysis on = M^^^, namely through the analysis of a specific example of A/'=2 com- 
pactification on AdS^ x X^. As stressed in the introduction the goal of the present paper 
is to reformulate the structure of these multiplets in a way appropriate for comparison 
with composite operators of the three-dimensional gauge theory living on the boundary 
d{AdS4) that behave as primary conformal fields. Actually, in view of the forthcoming 
Kaluza-Klein spectrum on X'' = N^^^ that is arranged into Osp{3\A) rather than 
Osp{2\4) multiplets, it is more convenient to begin by discussing Osp(A/'|4) for generic A/". 

We start by briefly recalling the procedure of ^ to construct UIR.s of Osp(A/'|4) 
in the compact grading ( 2.22 ). Then, in a parallel way to what was done in for the 



case of the SU{2,2\4) superalgebra we show that also for Osp(A/'|4)in each UIR carrier 
space there exists a unitary rotation that maps eigenstates of E,L'^,L^ into eigenstates 
of D, J^, J2. By means of such a rotation the decomposition of the UIR into S0{2) x 
50(3) representations is mapped into an analogous decomposition into 5*0(1, 1) x 5*0(1, 2) 
representations. While 5*0(2) x 5*0(3) representations describe the on-shell degrees of 
freedom of a bulk particle with an energy Eq and a spin s, irreducible representations of 
5*0(1, 1) X 50(1, 2) describe the ojf-shell degrees of freedom of a boundary field with scaling 
weight D and Lorentz character J. Relying on this we show how to construct the on-shell 
four-dimensional superfield multiplets that generate the states of these representations 
and the off-shell three-dimensional superfield multiplets that build the conformal field 
theory on the boundary. 

Lowest weight representations of Osp(A/'|4) are constructed starting from the basis 



14 



( |2.27| ) and choosing a a vacuum state such that 

Mr\{Eo,s,A)) = 0, 
<|(Eo,s,A)) = 0, (2.34) 

where Eq denotes the eigenvalue of the energy operator M04 while s and A are the labels 
of an irreducible S0{3) and S'0(A/') representation, respectively. In particular we have: 

Mo4|(^o,s,A)) = Eo\{Eo,s,A)) 
L''L-\{Eo,s,A)) = s(s + l)|(Eo,s,A)) 

L'\{Eo,s,A)) = s\iEo,s,A)). (2.35) 

The states filling up the UIR are then built by applying the operators M~ and the anti- 
symmetrized products of the operators a^: 

{Mty {M,^y {M^y [a- • • • aX]\{Eo, s,A)) (2.36) 

Lowest weight representations are similarly constructed with respect to five-grading 
( |2.32| ). One starts from a vacuum state that is annihilated by the conformal boosts and 
by the special conformal supersymmetries 

K^\{Do,j,A)) = 0, 
sl\iDo,j,A)) = 0, (2.37) 

and that is an eigenstate of the dilatation operator D and an irreducible 5*0(1, 2) repre- 
sentation of spin j: 

D\{Do,j,A)) = Do\{Do,j,A)) 
.rrr^^n\{D,,3,A)) = j(j + l)IPo,J,A)) 

J2|(Do,J,A)) = j|(Z^o,J,A)) (2.38) 

As for the SO{M) representation the new vacuum is the same as before. The states 
filling the UIR are now constructed by applying to the vacuum the operators Pm and the 
anti-symmetrized products of 

{P,r {PiT {P2r [q'^'^' ■ . .g"'''] I (1^0, J, A)) . (2.39) 

In the language of conformal field theories the vacuum state satisfying eq. (|2.37| ) is 
named a primary state (corresponding to the value at = of a primary conformal 
field. The states ( |2.39|) are called the descendants. 

The rotation between the 5*0(3) x 5*0(2) basis and the 50(1,2) x 50(1, 1) basis is 
performed by the operator: 

U = exp [^7r{E - D)] , (2.40) 
which has the following properties. 



DU = 


-UE 


JoU = 




JiU = 




J2U = 


UL2, 



[2A1) 
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with respect to the grade generators, 
grade generators we have: 



Furthermore, with respect to the non vanishing 



KqU = 


-i U M3" 


KlU = 


-UM{ 


K2U = 


-UM2 


PoU = 


iUM^ , 


P,U = 


UM+, 


P2U = 


UM+, 


q'^'U = 


-I Ua""' 




i Uai . 



[2A2) 



As one immediately sees from (|2.42|) , U interchanges the compact five-grading structure 
of the superalgebra with its non compact one. In particular the 5*0(3) x S'0(2)-vacuum 
with energy Eq is mapped into an S0{1, 2) x 5*0(1, 1) primary state and one obtains all 
the descendants ( |2.39| ) by acting with U on the particle states ( |2.36| ). Furthermore from 
(|2.41|) we read the conformal weight and the Lorentz group representation of the primary 
state U\{Eq, s, J)). Indeed its eigenvalue with respect to the dilatation generator D is: 

Do = -Eo . (2.43) 

and we find the following relation between the Casimir operators of 5*0(1, 2) and 5*0(3), 

J^U = UL^ , J2 = - J2 + j2 + j| ^ (2.44) 



which implies that 

j=s. (2.45) 

Hence under the action of [/ a particle state of energy Eq and spin s of the bulk is 
mapped into a primary conformal field of conformal weight —Eo and Lorentz spin s on 
the boundary. This discussion is visualized in fig.|^ 



3 AdS/i and dAdS^ as cosets and their Killing vectors 

In the previous section we studied Osp{Af\4:) and its representations in two different bases. 
The form (|2.27|) of the superalgebra is that we used in |2^ to construct the Osp(2|4) 
supermultiplets from Kaluza Klein supergravity. It will be similarly used to obtain the 
Osp(3|4) spectrum on = N^^^. We translated these results in terms of the form ( p.32| ) 



of the Osp(jV|4) algebra in order to allow a comparison with the three-dimensional CFT on 
the boundary. In this section we introduce the announced description of the anti de Sitter 
superspace and of its boundary in terms of supersolvable Lie algebra parametrization as 
in eq.s( p..20[ ), ( 11.211 ). It turns out that such a description is the most appropriate for a 



comparative study between AdS^ and its boundary. We calculate the Killing vectors of 
these two coset spaces since they are needed to determine the superfield multiplets living 
on both AdSi and dAdS^. 
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Figure 5: The operator U = exp{i7r/\/2(-E' — -D)} rotates the Hilbert space of the physical 
states. It takes states labeled by the Casimirs {E, s) of the 50(2) x 50(3) C Osp(AA|4) into 
states labeled by the Casimirs (L>, j) of 50(1, 1) x 50(1, 2). 



So we write both the bulk and the boundary superspaces as supercosetsQ, 

(jr 

Applying supergroup elements g G Osp(A/'|4) to the coset representatives Liy) these latter 
transform as follows: 

gL{y)=L{y')h{g,y), (3.2) 

where h{y) is some element of H G Osp{N'\4), named the compensator that, generically 
depends both on g and on the coset point y G G/H. For our purposes it is useful to 
consider the infinitesimal form of (|3.2|) , i.e. for infinitesimal g we can write: 

g = 1 + 

h = l + e^W^{y)TH, 

= y' + e^k^M (3.3) 



and we obtain: 



TAL{y) = kAL{y) + L{y)THW^{y), (3.4) 

kA ^ k^Ay)^, (3.5) 



^For an extensive explanation about supercosets we refer the reader to In the context oi D = 11 
and D = 10 compactifications see also IgO] 
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The shifts in the superspace coordinates y determined by the supergroup elements (see 
eg. ( p. 2D ) define the Kilhng vector fields ( p. 5]) of the coset manifold.0 

Let us now consider the solvable anti de Sitter superspace defined in eq.s ( |1.2CI| ),( [L21| ). 
It describes a K-gauge fixed supersymmetric extension of the bulk AdS4^. As explained by 
eq-O) it is a supercoset where G = Osp(7V|4) and H = CS0{l,2\Af) x SO{Af) 
Using the non-compact basis (|2.32| ), the subgroup H is given by, 



^Ads ^ cSOil, 2\J\f) = span { J'", K^, si, } . 
A coset representative can be written as followsQ: 



L^^^y) = exp pD + ix-P + 



y = ip,x,9) . 



(3.6) 



(3.7) 



In AdS4\2M s-supersymmetry and ii"-symmetry have a non linear realization since the 
corresponding generators are not part of the solvable superalgebra Ssolvads that is expo- 
nentiated (see eq.( p.33D . 

The form of the Killing vectors simplifies considerably if we rewrite the coset repre- 
sentative product of exponentials 



Liy) = exp [i z ■ P] ■ exp ■ exp [pD] 

This amounts to the following coordinate change: 

z = (^l-lp + lp^ + 0{p')) X, 



(3.8) 



(3.9) 



This is the parametrization that was used in to get the Osp(8|4)-singleton action 
from the supermembrane. For this choice of coordinates the anti de Sitter metric takes 
the standard form ( |1.9|) . The Killing vectors are 



k [P™] 

k[D] 
k [s"^] 



^ dm 1 

d 1 / NO 
^ - 2 (7"^ j dm , 



d__ r^_K^d_ 
dp ''"^ 2^-9^' 



8 c)k,p 



d I ■ ■ d 
" (pen 

4^^ ^ ' dii 



2 dii 2 de 



(3.10) 



/3 



■^The Killing vectors satisfy the algebra with structure functions with opposite sign, see |44 
"^We use the notation x ■ y = x"^ym and 9^q^ = 
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and for the compensators we find: 

W[P] = 0, 
Vr[g°*] = 0, 
iy[J™] = J™, 

W[D] = 0, 

W[s"'] = s""' -i {-i^^e^y J^ + iO'^^T^ . (3.11) 

For a detailed derivation of these Kilhng vectors and compensators we refer the reader to 
appendix 0. 

The boundary superspace d{AdS^2M) is formed by the points on the supercoset with 
p = 0: 

L^^^(?/) = exp[ia;-P + ^V] (3-12) 

In order to see how the supergroup acts on fields that live on this boundary we use the 
fact that this submanifold is by itself a supercoset. Indeed instead of H^'^^ C Osp(A/'|4) 
as given in ( ^^ , we can choose the larger subalgebra 

i/t^FT ^ gpg^^ jm^ _ (3^^3) 

and consider the new supercoset G/H'^^'^. By defintion also on this smaller space we have 
a non linear realization of the full orthosymplectic superalgebra. For the Killing vectors 
we find: 

k [Pm] = -idm, 
d 



kin = e-^^x,d,-'-{e^r)^^^ 

I d 

k[D] = -x-d- 



2 "9^^ ' 



(3.14) 



and for the compensators we have: 



W\PJ, = 0, 

Wlq"'] = 0, 

WIJ""] = J™, 

W[D] = D, 

Wis""'] = -O'^'D + s'"' -i [^""e'Y Jm + ie'T' . (3.15) 
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If we compare the Killing vectors on the boundary ( |3.14| ) with those on the bulk ( |3.10| ) we 
see that they are very similar. The only formal difference is the suppression of the ^ terms. 
The conceptual difference, however, is relevant. On the boundary the transformations 
generated by ( |3.14|) are the standard superconformal transformations in three-dimensional 



(compactified) Minkowski space. In the bulk the transformations generated by ( 3.1CI| ) are 



superisometries of anti de Sitter superspace. They might be written in completely different 
but equivalent forms if we used other coordinate frames. The form they have is due to 
the use of the solvable coordinate frame {p,z,$,) which is the most appropriate to study 
the restriction of bulk supermultiplets to the boundary. For more details on this point we 
refer the reader to appendix ^ 

4 Osp(2\4:) superfields in the bulk and on the bound- 
ary 

As we explained in the introduction our main goal is the determination of the M = 2 
three dimensional gauge theories associated with the sasakian horizons (|1.15 ) and the 



comparison between Kaluza Klein spectra of M-theory compactified on AdS^ times such 
horizons with the spectrum of primary conformal superfields of the corresponding gauge 
theory. For this reason we mainly focus on the case of Osp{2\A) supermultiplets. As 
already stressed the structure of such supermultiplets has been determined in Kaluza 
Klein language in [|r^, Hence they have been obtained in the basis ( |2.27| ) of the 
orthosymplectic superalgebra. Here we consider their translation into the superconformal 
language provided by the other basis ( |2.32| )- In this way we will construct a boundary 
superfield associated with each particle supermultiplet of the bulk. The components 
of the supermultiplet are Kaluza Klein states: it follows that we obtain a one-to-one 
correspondence between Kaluza Klein states and components of the boundary superfield. 

4.1 Conformal Osp{2\A) superfields: general discussion 

So let us restrict our attention to Af = 2. In this case the S0{2) group has just one 
generator that we name the hypercharge: 

Y = T^\ (4.1) 

Since it is convenient to work with eigenstates of the hypercharge operator, we reorganize 
the two Grassman spinor coordinates of superspace in complex combinations: 

0^ = ^i0i±z9l), ¥9^ = ±9^ (4.2) 

In this new notations the Killing vectors generating g-supersymmetries on the boundary 
(see eq.( |3.14| )) take the form: 



k 



g"^ = J^-K7'")V^^^r., (4.3) 



A generic superfield is a function $(x,6') of the bosonic coordinates x and of all the 
9.S Expanding such a field in power series of the 9.s we obtain a multiplet of x-space 
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fields that, under the action of the Kilhng vector ( ^.3| ), form a representation of Poincare 
supersymmetry. Such a representation can be shortened by imposing on the superfield 
^{x, 6) constraints that are invariant with respect to the action of the Kilhng vectors 
( [4.3|) . This is possible because of the existence of the so called super derivatives, namely 
of fermionic vector fields that commute with the supersymmetry Killing vectors. In our 
notations the superderivatives are defined as follows: 

V'^^ = ^ + li^"^r^0^^dm, (4.4) 

and satisfy the required property 

|pa±^g/3±| ^ {P°±,g/3T} = Q. (4.5) 



As explained in |Q the existence of superderivatives is the manifestation at the fermionic 
level of a general property of coset manifolds. For G/H the true isometry algebra is 
not G, rather it is G x N{H)g where N{H)g denotes the normalizer of the stability 
subalgebra H. The additional isometrics are generated by right-invariant rather than 
left-invariant vector fields that as such commute with the left-invariant ones. If we 
agree that the Killing vectors are left-invariant vector fields than the superderivatives are 
right-invariant ones and generate the additional superisometries of Poincare superspace. 
Shortened representations of Poincare supersymmetry are superfields with a prescribed 
behaviour under the additional superisometries: for instance they may be invariant under 
such transformations. We can formulate these shortening conditions by writing constraints 
such as 

P"+<l>(a;,e) = 0. (4.6) 

The key point in our discussion is that a constraint of type ( |4.6| ) is guaranteed from 
eq.s ([4.5|) to be invariant with respect to the superPoincare algebra, yet it is not a priori 



guaranteed that it is invariant under the action of the full superconformal algebra ( 3.14| ) 



Investigating the additional conditions that make a constraint such as ( |4.6| ) superconfor- 
mal invariant is the main goal of the present section. This is the main tool that allows a 
transcription of the Kaluza-Klein results for super mult iplets into a superconformal lan- 
guage. 

To develop such a programme it is useful to perform a further coordinate change that 
is quite traditional in superspace literature. Given the coordinates x on the boundary (or 
the coordinates z for the bulk) we set: 

Then the superderivatives become 

d 



V 



a+ 



de- 



= ^ + {in"^0^-dm. (4.8) 

It is our aim to describe superfield multiplets both on the bulk and on the boundary. It 
is clear that one can do the same redefinitions for the Killing vector of g-supersymmetry 
([4.3|) and that one can introduce superderivatives also for the theory on the bulk. In 
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that case one inserts the functions t{p) and 7(p) in the above formulas or if one uses the 
solvable coordinates (p, z,^) as in (|3^ ) then there is just no difference with the boundary- 
case. 

So let us finally turn to superfields. We begin by focusing on boundary superfields 
since their treatment is slightly easier than the treatment of bulk superfields. 

Definition 4.1 A primary superfield is defined as follows (see ^Slj , 

$^^'^^(a;, = exp [zx ■ P + ff'q^] $(0) , (4.9) 
where $(0) is a primary state (see eg. ^2. 3% ) ) 

Sam = 0, 

= 0. (4.10) 

of scaling weight Dq, hypercharge and eigenvalue j for the "third- component" operator 

D<l>(0) = Do$(0) ; r$(0)=yo$(0) ; J2<f(0) =j<l>(0) (4.11) 

From the above defintion one sees that the primary superfield ^^"^"^^ {x,9) is actually 
obtained by acting with the coset representative ( 3.12| ) on the >S'0(1, 2) x S0{1, l)-primary 
state. Hence we know how it transforms under the infinitesimal transformations of the 
group Osp(2|4). Indeed one simply uses (|3^ ) to obtain the result. For example under 
dilatation we have: 

D $«^'^^(x, e)=(^-x-d- \e'-^^ + <l>(x, 9), (4.12) 

where the term Dq comes from the compensator in ( |3.15| ). Of particular interest is the 
transformation under special supersymmetry since it imposes the constraints for shorten- 
ing, 

s^^dAds^^^Q^ =A^ [s^]^x,e) + e'''-^+^''^' i-e^D-i-^'^e^ J^ + s^±e^Y)^{Q). (4.13) 



For completeness we give the form of in the y-basis where it gets a relatively concise 
form. 



d 



2 V J 39+ 

+e^re-{^m)%^, (4.14) 

Let us now turn to a direct discussion of multiplet shortening and consider the super- 
conformal invariance of Poincare constraints constructed with the superderivatives V"'^. 
The simplest example is provided by the chiral supermultiplet. By definition this is a 
scalar superfield ^chiraiiv, d) obeying the constraint (^^ ) which is solved by boosting only 
along q~ and not along q+: 

$cW/(2/,^)=e^^-^+'^«"$(0), (4.15) 
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Hence we have 

$cw/(p, e) = X{p, y) + r A(p, y) + r rif(p, y) (4.16) 

on the bulk or 

^chirai{y, 0) = X{y) + e+X{y) + 6+6+ H{y) (4.17) 

on the boundary. The field components of the chiral multiplet are: 

X = e'y■^^0), X = ie'y^q-^{0), H = -\e'y^ q- q- . (4.18) 

For completeness, we write the superfield $ also in the x-basis0, 

$(a;) = X{x) + 6+X{x) + {6+6+)H{x) + |0+7'"^-a„X(x) 
+l{6+6+)6-pX{x) + ^{6+6+){6-6-)nX{x) 

= exp (i^T^r 9j $(i/) . (4.19) 



Because of ( [4.5|) , we are guaranteed that under g-supersymmetry the chiral superfield 
^chiral transforms into a chiral superfield. We should verify that this is true also for s- 
supersymmetry. To say it simply we just have to check that s~^chirai does not depend 
on 6^ . This is not generically true, but it becomes true if certain extra conditions on the 
quantum numbers of the primary state are satisfied. Such conditions are the same one 
obtains as multiplet shortening conditions when constructing the UIR.s of the superalge- 



bra with the norm method of Freedman and Nicolai [|16] or with the oscillator method of 
Giinaydin and collaborators fS^, |2^, ^ f\ 



In the specific instance of the chiral multiplet, looking at ( |4.13| ) and ( [4.14| ) we see that 
in s~ ^chiral the terms depending on 6~ are the following ones: 

s-$ =-{Do + yo)6-^ = 0, (4.20) 

they cancel if 

Do = -yo. (4.21) 

Eq. (|4.21| ) is easily recognized as the unitarity condition for the existence of Osp{2\A) 
hypermultiplets (see ||T7|, ^). The algebra ( |A.11| ) ensures that the chiral multiplet also 
transforms into a chiral multiplet under Km- Moreover we know that the action of the 
compensators of Km on the chiral multiplet is zero. Furthermore, the compensators of 
the generators Pm, q^, Jm on the chiral multiplet are zero and from ( |3.4| ) we conclude that 
their generators act on the chiral multiplet as the Killing vectors. 

Notice that the linear part of the s-supersymmetry transformation on the chiral mul- 
tiplet has the same form of the g-supersymmetry but with the parameter taken to be 
eq = —iy ■ 'yes- As already stated the non-linear form of s-supersymmetry is the conse- 
quence of its gauge fixing which we have implicitly imposed from the start by choosing 
the supersolvable Lie algebra parametrization of superspace and by taking the coset rep- 
resentatives as in (3]7) and (|3.12|) . Q In addition to the chiral multiplet there exists also 



the complex conjugate antichiral multiplet ^chirai = ^antichirai with opposite hypercharge 
and the relation Dq = y^. 

^where □ = 9™ 9™ . 

^We are particularly grateful to S. Ferrara for explaining to us this general idea that, extended from 
the case of AdS^/CFT^ to the case AdSnj CFT^, has been an essential guiding line in the development 
of the present work 

^ Just as a comment we recall that the standard way of gauge fixing special supersymmetry in a 
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4.2 Matching the Kaluza Klein results for Osj9(2|4) supermulti- 
plets with boundary conformal superfields 

It is now our purpose to reformulate the M = 2 multiplets found in Kaluza Klein su- 
pergravity PD| in terms of superfields living on the boundary of the AdS^ space-time 



manifold. This is the key step to convert information coming from classical harmonic 
analysis on the compact manifold into predictions on the spectrum of conformal pri- 
mary operators present in the three-dimensional gauge theory of the M2-brane. Although 



the results obtained in |^ refer to a specific case, the structure of the multiplets is general 
and applies to all A/" = 2 compactifications, namely to all sasakian horizons X^. Similarly 
general are the recipes discussed in the present section to convert Kaluza-Klein data into 
boundary superfields. 

As shown in there are three types of long multiplets with the following hulk spin 
content: 



1. The long graviton multiplet (l (2) , 4 (|) , 6 (1) , 4 (|) , 1 (0) 

2. The long gravitino multiplet (l (|) , 4 (1) , 6 (i) , 4 (0) 



3. The long vector multiplets {l (1) , 4 , 5 (0) 
and four types of short multiplets with the following hulk spin content: 
1. the short graviton multiplet ( 1 (2) , 3 (| j , 3 (1) , 1 f | 



2. the short gravitino multiplet j , 3 (1) , 3 [ij , 1 (0) 

3. the short vector multiplet {l (1) , 3 , 3 

4. the hypermultiplet (2 (|) , 4 (0) 



Finally there are the ultrashort multiplets corresponding to the massless multiplets 
available in A/" = 2 supergravity and having the following hulk spin content: 



1. the massless graviton multiplet [l (2) , 2 , 1 (1)^ 

2. the massless vector multiplet {l (1) , 2 , 2 (0) 



Interpreted as superfields on the boundary the long multiplets correspond to unconstrained 
superfields and their discussion is quite straightforward. We are mostly interested in short 
multiplets that correspond to composite operators of the microscopic gauge theory with 
protected scaling dimensions. In superfield language, as we have shown in the previous 
section, short multiplets are constrained superfields. 



superconformal theory is to impose a gauge-fixing condition and then modify q-supersymmetry by means 
of a decomposition rule, i.e. adding to it special supersymmetry with specific parameters that depend 
on the supersymmetry parameters, such that the gauge-fixing condition becomes invariant under the 
modified supersymmetry. In our case we still have the standard form of g-supersymmetry but upon 
gauge fixing s-supersymmetry has become non-linear. The fact that s-supersymmetry partly resembles q- 
supersymmetry comes from the fact that it can be seen as a g-like supersymmetry with its own superspace 
coordinates, which upon gauge fixing have become dependent on the ^-coordinates. 
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Just as on the boundary, also in the bulk, we obtain such constraints by means of the 
bulk super derivatives. In order to show how this works we begin by discussing the chiral 
superfield in the bulk and then show how it is obtained from the hypermultiplet found in 
Kaluza Klein theory p9|. 



4.2.1 Chiral superfields are the Hypermultiplets: the basic example 

The treatment for the bulk chiral field is completely analogous to that of chiral superfield 
on the boundary. 

Generically bulk superfields are given by: 



exp 



pD + ix- P + e'q' $(0) 



Using the parametrization (|3.9|) we can rewrite ( [4.22| ) in the following way: 



$^'^^(p, 2, = exp iz-P + Cq' ■ exp [pDo] $(0) . 



Then the generator D acts on this field as follows: 



D^^'''ip,z,0 



d 



(4.22) 



(4.23) 



(4.24) 



Just as for boundary chiral superfields, also in the bulk we find that the constraint 
is invariant under the s-supersymmetry rule (|3.1CI| ) if and only if: 



-yo 



(4.25) 



Furthermore, looking at ( [4.23|) one sees that for the bulk superfields Z^o = is forbidden. 
This constraint on the scaling dimension together with the relation Eq = —Dq, coincides 
with the constraint: 

Eo = \yo\ (4.26) 

defining the Osp{2\4) hypermultiplet UIR of Osp(2|4) constructed with the norm method 
and in the formulation ( p.27| ) of the superalgebra (see [1^, ^). The transformation of 
the bulk chiral superfield under s, Pm, q^, Jm is simply given by the bulk Killing vectors. 
In particular the form of the s-supersymmetry Killing vector coincides with that given in 
( [4.14|) for the boundary. 

As we saw a chiral superfield in the bulk describes an Osp(2|4) hypermultiplet. To 
see this explicitly it suffices to look at the following tableQ 



Spin 


Particle states 


Name 


1 

2 


a'\Eo = yo,yo) 







a^a^l^o = yo,yo) 


TT 





\Eo = yo,yo) 


s 


1 

2 


a+l-Eo = yo, -yo) 







a+a+\Eo = yo, ~yo) 


TT 





\Eo = yo, -yo) 


S 



(4.27) 



^The hypercharge yo in the table is chosen to be positive. 
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where we have collected the particle states forming a hypermultiplet as it appears in 
Kaluza Klein supergravity on AdS^ x X^, whenever is sasakian. The names of the 
fields are the standard ones introduced in |]I5| for the linearization of D=ll supergravity 
on 74^5*4 X and used in Applying the rotation matrix U of eq. ( |2.40|) to the 



states in the upper part of this table we indeed find the field components ( [4.18| ) of the 
chiral supermultiplet. 

Having clarified how to obtain the four- dimensional chiral superfield from the Osp{2\4) 
hypermultiplet we can now obtain the other shortened Osj9(2|4) superfields from the 
information that was obtained in 



2c 



In p9| all the field components of the Osp{2\4) 
multiplets were listed together with their spins Sq, energy Eq and their hypercharge yo. 
This is sufficient to reconstruct the particle states of the multiplets which are given by the 
states ( p.34| ). Indeed the energy determines the number of energy boosts that are applied 
to the vacuum in order to get the state. The hypercharge determines the number of 
and/or d~ present. Finally sq tells us what spin we should get. In practice this means 
that we always have to take the symmetrization of the spinor indices, since (ai . . . a„) 
yields a spin-^ representation. Following we ignore the unitary representations of 
50(3,2) that are built by the energy boosts and we just list the ground states for 
each UIR of 5*0(2, 3) into which the UIR of Osp(2|4) decomposes. 



4.2.2 Superfield description of the short vector multiplet 

Let us start with the short massive vector multiplet. From we know that the constraint 
for shortening is 

Eo = \yo\ + l (4.28) 
and that the particle states of the multiplet are given by,^ 





Spin 


Particle states 


Name 




1 


{a~T'a+)\Eo = yo + l,yo) 


A 




1 

2 


(a"a")a+|?/o + l,Z/o) 


Xt 




1 
2 


d^lyo + l,Z/o) 


\l 




1 

2 


d~\yo + l,z/o) 


Al 







(a"a~) |?/o + l,l/o) 


TT 







(a+a") |yo + l,2/o) 


TT 







\yo + i,yo) 


S 




1 


{d+T'd~)\Eo = yo + l, -yo) 


A 




1 

2 


{d+a+)a-\yo + 1, -yo) 


\t 




1 

2 


a~\yo + 1, -yo) 


\l 




1 

2 


a'^lyo + 1, -yo) 


\l 







{a+d+)\yo + 1, -yo) 


vr 







{a+d-)\yo + 1, -yo) 


TT 







Ivo + 1, -Vo) 


S 



(4.29) 



The hypercharge ?/o in the table is chosen to be positive. 
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where we have multiphed the symmetrized product a'^a^ with the r- matrices in order to 
single out the 5*0(3) vector index i that labels the on-shell states of the d = 4 massive 
vector field. Applying the rotation matrix U to the states in the upper part of table ( [4.29| ) 
we find the following states: 

5* = |vac) , Xf = iq^\vac), n = — | |vac) , etc... (4.30) 

where we used the same notation for the rotated as for the original states and up to an 
irrelevant factor |. We follow the same procedure also for the other short and massless 
multiplets. Namely in the superfield transcription of our multiplets we use the same 
names for the superspace field components as for the particle fields appearing in the 
SO {3) X SO (2) basis. Moreover when convenient we rescale some field components without 
mentioning it explicitly. The list of states appearing in ( [4.30|) are the components of a 
superfield 



"^vector = s + e~xt + e+\i + e+e-Ti^ + e+e+n— + e+jf^e- + e+e^ e-x^ , 

(4.31) 

which is the explicit solution of the following constraint 

I?+I?+<l>,ector = . (4.32) 

imposed on a superfield of the form ( ^.22| ) with hypercharge i/q. 

In superspace literature a superfield of type (|4.31|) is named a linear superfield. If we 
consider the variation of a linear superfield with respect to s~ , such variation contains, a 
priori, a term of the form 

S-^,ector , , = |(Do + 1/0 + 1) (^ ^")A^ , (4.33) 

which has to cancel if ^vector is to transform into a linear multiplet under Hence the 
following condition has to be imposed 

Do = -yo-l. (4.34) 

which is identical with the bound for the vector multiplet shortening E'q = 2/o + 1 found 
in P, 1291. 
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4.2.3 Superfield description of the short gravitino multiplet 

Let us consider the short gravitino multiplets found in |Q. The particle state content of 
these multiplet is given belowQ: 



Spin 



2 
1 

2 
1 

2 





2 
1 

2 
1 

2 





Particle states 



a' 



(3 a 



|, So - 
|, |,2/o) 

2' 2'2/o) 
2' 2' 2/o) 

+ ri)|?/o+ ' 

2' 2'^o) 

1/0 + |,i?/o) 



= Z/0 + 

)a+r 

"7-* bo + 
r'lyo + 
a")|yo + 

\yo - 



i 1/0)7) 
2' 2'^o) 



1 

2' 2 



,1/0) 



-2/0) 



Z/o + |) So — |, 
"^%o + |, i -1/0) 

li/o + |, i -yo) 
riyo + hh-yo) 



7)' 



(3a^ 



2' 2' 

I2/0 + t,i-i/o) 



a^T a 



IVo + |, i -1/0) 
a^bo + |, |, -2/0) 



2' 2' 

.)ll/o + |,i-2/o) 



Name 



(+) 



X 

z 

A 
A 
Xf 
Xx 
Xl 



(+) 



X 

z 

A 
A 
Xt 
Xj- 
Xl 



(4.35) 



Applying the rotation matrix U ( p.40D to the upper part of table (|4.35|) , and identifying 
the particle states with the corresponding rotated field states as we have done in the 
previous cases, we find the following spinorial superfield 

^gravitino = Xl + 4^0- + jf,' 6+ + ^ 6+ + 3 {e+e-)X+- - (e+7'"^^")7mA+- 

He+9+)XT- + (^+7"r + {9^e+)r0~ , (4.36) 

where the vector-spinor field is expressed in terms of the spin-| field with symmetrized 
spinor indices in the following way 

and where, as usual, 4^ = l"^ ^m- 

The superfield ^gravitino is linear in the sense that it does not depend on the monomial 
9^9^ , but to be precise it is a spinorial superfield ([4.22|) with hypercharge yo that fulfils 
the stronger constraint 

= • (4.38) 

The generic linear spinor superfield contains, in its expansion, also terms of the form 
(f~^9~ and {9^9^)(p~9' , where and (f^ are scalar fields and a term {9^'-)"^9~)xm where 



10 



The hypercharge yo in the table is chosen to be positive. 
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the spinor-vector Xm is not an irreducible | representation since it cannot be written as 
in (113). 

Explicitly we have: 

Xl + 4^e- + 4-6+ + (f)-e+ + Lp+e- + 3 {e+e-)x^- + (0+0+)a^- 

+{e^^re-)xrn + [9+9^)^0- + {9+9^)^-9- , (4.39) 



^linear 



The field component x"™ in a generic unconstrained spinor superfield can be decomposed 
in a spin- 1 component and a spin-| component according to, 



n 



(4.40) 



where m = | | | . Then the constraint ( [4.38] ) eliminates the scalars ip^ and eliminates the 
-component of x iii terms of A^~. From 



/3 gravitino 



_ = i(-Do-i/o-i)(rr)(4+)^° (4.41) 

we conclude that the constraint ( [4.38|) is superconformal invariant if and only if 

^0 = -2/0 - f • (4.42) 



Once again we have retrieved the shortening condition already known in the 5*0(3) x 
50(2) basis: = |?/o| + I 



4.2.4 Superfield description of the short graviton multiplet 

For the massive short graviton multiplet we have the following states 



Spin 


Particle states 


Name 


2 


1^0 = 2/0 + 2, So = 1,2/0)75) 


h 


3 
2 


{a-a-)a^J^yo + 2, 1,2/o)/3t,) 




3 
2 


^(al2/o + 2, l,2/o)/37) 


^(+) 


3 
2 


+ 2, l,2/o)/37) 


^(+) 


1 


(a~a")|2/o + 2, l,2/o) 


z 


1 


(a+a-) |?/o + 2, l,?/o) 


z 


1 


\Eq = ?/o + 2, l,?/o) 


A 


1 
2 


a~r ■ \Eo = yQ + 2, l,yo) 




2 


%^/3 1^0 = 2/0 + 2, sq = 1, -yo)^s) 


h 


3 
2 


(a+a+)a^„ |?/o + 2, 1, -yo)/3y) 




3 
2 


^{a\yo + 2, 1, -2/o)/37) 


^(+) 


3 
2 


^J.l2/o + 2, 1, -2/o)/37) 


^(+) 


1 


(a+a+) |yo + 2, 1, -yo) 


z 


1 


{a+a~)\yo + 2, 1, -yo) 


z 


1 


\Eo = yo + 2, 1, -yo) 


A 


1 

2 


a+T ■ \Eo = yo + 2, 1, -yo) 


Ay 



(4.43) 
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Applying the rotation U ( p.40| ) to the upper part of the above table, and identifying the 
particle states with the corresponding boundary fields, as we have done so far, we derive 
the short graviton superfield: 



graviton 



where 



/?™ = n 



(4.44) 



This superfield satisfies the following constraint 

.a/3 _ 



a ^graviton " ' 



where we have defined: 



(4.45) 



(4.46) 



(4.47) 



Furthermore we check that s ^^raviton is still a short graviton superfield if and only if: 



(4.48) 



corresponding to the known unitarity bound [T^, ^ : 

Eo = \yo\ + 2 (4.49) 

4.2.5 Superfield description of the massless vector multiplet 

Considering now ultrashort multiplets we focus on the massless vector multiplet containing 
the following bulk particle states: 



Spin 


Particle states 


Name 


1 


a^atlEo = 1, So = 0, yo = 0) , ^2 a^l^o = 1, Sq = 0, yo = 0) 


A 


1 

2 


a+|l,0,0) 




1 
2 


a" 1,0,0) 


Al 





a-a+|l,0,0) 


TT 





|1,0,0) 


S 



(4.50) 



where the gauge field A has only two helicity states 1 and —1. Applying the rotation U 
(1^ we get. 



V = s + e+xj + r At + (e+e-) n + 



(4.51^ 
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This multiplet can be obtained by a real superfield 

V = s + e+\-^ + e-\l + {e+e-)Ti 

+{e+e+) e-fi- + (r r ) e+fi+ 
+{e+e+){e-e-)F , 
= V 



that transforms as follows under a gauge transformation]^ , 

V + K + K\ 

where A is a chiral superfield of the form ( [4.19|) . In components this reads, 

S 



(4.52) 



(4.53) 



7 

A„ 



s + x + x* , 

+ {X — X*) , 

M— +H, 



which may be used to gauge fix the real multiplet in the following way, 

M— = Af ++ = /i- = /i+ = F = , 



(4.54) 



(4.55) 



to obtain (^4.51|) . For the scaling weight Dq of the massless vector multiplet we find — 1. 
Indeed this follows from the fact that A is a chiral superfield with i/q = 0,Dq = 0. Which 
is also in agreement with Eq = 1 known from |29| . 

4.2.6 Superfield description of the massless graviton multiplet 

The massless graviton multiplet is composed of the following bulk particle states: 



Spin 


Particle states 


Name 


2 


d-T^'a+\Eo = 2,so = l,yo = Oy^ 


h 


3 
2 


a+\2,l,0Y 




3 
2 


a \2,1,0Y 




1 


\2,i,oy 


A 



(4.56) 



from which, with the usual procedure we obtain 



(4.57) 
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The vector component transforms under a SU (2) or a SU (3) gauge transformation in the case of |29l 
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Figure 6: Conformal superfields are composite operators in the gauge theory 




Microscopic degrees of 
freedom of the M2 brane 
are t±ie gauge theory fields 



Composite operators of 
the superconformal 
theory correspond to 
excitations living in the 
bulk, m particular 
to the Kaluza Klein 
states of Supei^ravity 
compactified on 



AdS,xX 
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Similarly as for the vector multiplet we may write this multiplet as a gauge fixed mul- 
tiplet with local gauge symmetries that include local coordinate transformations, local 
supersymmetry and local S0{2), in other words full supergravity. However this is not the 
goal of our work where we prepare to interprete the bulk gauge fields as composite states 
in the boundary conformal field theory.. 

This completes the treatment of the short Osp{2\A) multiplets of p9[. We have found 
that all of them are linear multiplets with the extra constraint that they have to transform 
into superfields of the same type under s-supersjTiimetry. Such constraint is identical 
with the shortening conditions found in the other constructions of unitary irreducible 
representations of the orthosymplectic superalgebra. 



5 Af = 2, d = 3 gauge theories and their rheonomic 
construction 

Next, as announced in the introduction, we turn to consider gauge theories in three space- 
time dimensions with M = 2 supersymmetry. From the view point of the AdS^^/CFT^ 
correspondence these gauge theories, whose elementary fields we collectively denote 
are microscopic field theories living on the M2 brane world volume such that suitable 
composite operators (see also fig.§|): 

0{x) = ct>'^{x,) ...ct>'-{x)c,,...,^ (5.1) 
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can be identified with the components of the conformal superfields described in the 
previous section and matching the Kaluza Klein classical spectrum. 

According to the specific horizon X^, the world volume gauge group is of the form: 

GYale = U{h NY^ X ... X U{KNY- (5.2) 

where ki and ii are integer number and where the correspondence is true in the large 
N —>■ oo limit. Indeed N is to be identified with the number of M2 branes in the stack. 

In addition the gauge theory has a flavor group which coincides with the gauge group 
of Kaluza Klein supergravity, namely with the isometry group of the horizon: 

GjiLr = = isometry(X^) (5.3) 

Since our goal is to study the general features of the AdS^/CFTs correspondence, rather 
than specific cases, we concentrate on the construction of a generic M = 2 gauge theory 
with an arbitrary gauge group and an arbitrary number of chiral multiplets in generic 
interaction. We are mostly interested in the final formulae for the scalar potential and 
on the restrictions that guarantee an enlargement of supersymmetry to A/" = 4 or A/" = 8, 
but we provide a complete construction of the lagrangian and of the supersymmetry 
transformation rules. To this effect we utilize the time honored method of rheonomy 
43, HR H6| that yields the the result for the lagrangian and the supersymmetry rules in 



component form avoiding the too much implicit notation of superfield formulation. The 
first step in the rheonomic construction of a rigid supersymmetric theory involves writing 
the structural equations of rigid superspace. 

5.1 J\f = 2, d = 3 rigid superspace 

The d=3, A/'-extended superspace is viewed as the supercoset space: 

^ IS0{l,2\Ar) _ Z[IS0{l,2m 

' 50(1,2) - SO(l,2)xlR-^(-^-i)/2 ^^-^^ 

where IS0{l,2\J\f) is the A/'-extended Poincare superalgebra in three-dimensions. It 
is the subalgebra of Osp(A/'|4) (see eq. ( ^.32| )) spanned by the generators J^, Pm, (t ■ 
The central extension Z [/ 5*0(1, 2|A/')] which is not contained in Osp(A/'|4) is obtained 
by adjoining to 150(1, 2|A/') the central charges that generate the subalgebra IR''^'''' 
Specializing our analysis to the case M=2, we can define the new generators: 



Q 


= V2q~ 




= V2iq- 


z 


= 



(gi - iq^) 

--i{q^ + iq^) (5.5) 



The left invariant one-form Vl on Ai^ is: 



= iV^Pm - ii^'^'^Jmn + " + iBZ . (5.6) 

The superalgebra (|2.32|) defines all the structure constants apart from those relative to 
the central charge that are trivially determined. Hence we can write: 
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J rr 



~\i {duo"" 
+ (#'= + |u;™"AV^Vn)Q 

+i (dB + i^'^ A ip"" - up A ip') Z 



(5.7) 

Imposing the Maurer-Cartan equation dQ — i7 A i7 = is equivalent to imposing flatness 
in superspace, i.e. global supersymmetry. So we have 



r dv 



d'^ 
dijj 
dB 



lip A '^'"^4''' — # A 'j"^ip 

m 

A Ip^Jmn 



A 

1, ,mn 

2 -c - 

—iijj A ip'^ + iijj A ip 



^-uj-- A ip'y„ 



The simplest solution for the supervielbein and connection is: 



ym 

mn 



B 



dx^ - i9 7*"^^^ - iOj^'de 


de 

dO' 

dO" + io de 



The superderivatives discussed in the previous sections (compare with (f4.4|) ) 



r 

D 



d 



{5.t 



(5.9) 



(5.10) 



are the vectors dual to these one-forms. 



5.2 Rheonomic construction of the J\f = 2, d = 3, lagrangian 

As stated we are interested in the generic form of A/" = 2, d = 3 super Yang Mills theory 
coupled to n chiral multiplets arranged into a generic representation TZ of the gauge group 

g. 

In A/" = 2, d = 3 supersymmetric theories, two formulations are allowed: the on-shell 
and the off-shell one. In the on-shell formulation which contains only the physical fields, 
the supersymmetry transformations rules close the supersymmetry algebra only upon use 
of the field equations. On the other hand the off-shell formulation contains further aux- 
iliary, non dynamical fields that make it possible for the supersymmetry transformations 
rules to close the supersymmetry algebra identically. By solving the field equations of 
the auxiliary fields these latter can be eliminated and the on-shell formulation can be 
retrieved. We adopt the off-shell formulation. 

5.2.1 The gauge multiplet 

The three-dimensional M = 2 vector multiplet contains the following Lie-algebra valued 
fields: 

(AA,A^M,P) , (5.11) 
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where A = AHj is the real gauge connection one-form, A and A'^ are two complex Dirac 
spinors (the gauginos), M and P are real scalars; P is an auxiliary field. 
The field strength is: 

F = dA + iAAA. 



The covariant derivative on the other fields of the gauge multiplets is defined as: 

VX = dX + i [A, X] . 
From ( ^.12|) and ( |5.13|) we obtain the Bianchi identity: 

V^X = i [F, X] . 
The rheonomic parametrization of the curvatures is given by: 



(5.12) 



(5.13) 



(5.14) 



F 
VA 
VA^ 
VM 
VP 



and we also have: 



v^VmM + ii^x" - iii^x 

V^VmP + ^yA-^ - V^'yA - [A^ M] - [A, M] 



(5.15) 



T/py F 



ImVnl A'^ 



+ ill) 7[m Vn] A + _ _ 

VVmM = V^VnVmM + #V^A^ - + V [A, M] + V^7„ [A^ M] 

VV^A = r^VnV^A + V„V„M7>'= - V^F„p7"PV^^ 

+2V„PV' + i^lm [A^ A] 
^ [pFmn] 

V[„V„]M = i[Fmn,M] 

V[mV„]A = i [Fmn, A] 

(5.16) 

The off-shell formulation of the theory contains an arbitrariness in the choice of the 
functional dependence of the auxiliary fields on the physical fields. Consistency with the 
Bianchi identities forces the generic expression of P as a function of M to be: 



P^ = 2aM^ + C-^C/ 



(5.17) 



where a, are arbitrary real parameters and C- is the projector on the center of Z[Q] of 
the gauge Lie algebra. The terms in the lagrangian proportional to a and ( are separately 
supersymmetric. In the bosonic lagrangian, the part proportional to a is a Chern Simons 
term, while the part proportional to ( constitutes the Fayet Iliopoulos term. Note that 
the Fayet Iliopoulos terms are associated only with a central abelian subalgebra of the 
gauge algebra Q. 

Enforcing ( ^.17|) we get the following equations of motion for the spinors: 



yA = 2zaA - i [A, M] 
yA^ = 2mA'= + i [A^ M] 



(5.1^ 
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Taking the covariant derivatives of these, we obtain the equations of motion for the bosonic 
fields: 



A, A 



(5.19) 



V"F^„ = -«e„,„pF"P - I [V^M, M] 
Using the rheonomic approach we find the following superspace lagrangian for the gauge 

■'Maxwell , r Chern— Simons , pFayet—Iliopoulos 

' gauge i 



multiplet: 

where 



r' r' Maxwell , 

'-'gauge — '-'gauge ' '"gauge 



(5.20) 



-•Maxwell 
■"gauge 



= Tr{-F' 



F + # TmAV^"" + iV'TmA'y™ - 2iM'^'^ 
VA7"*A + VA't^^A^ 



' ox '-mnp /^''^mnp 



' '^mnp 
ynyp 



+ VM^'7,A\/*' - VMV^7pA"\/*' 



- w 

6 



A, A 



ymynyp^ 



mnp 



(5.21) 



Chern— Simons 
gauge 



aTr{-{AAF -iAAAAA) - iMPemnpV^VVP 



+ IXXernnpV^V'VP + Me 



mnp 



ynyp 



(5.22) 



nFayet—Iliopoulos 
gauge 



Tr{CC 
-2iMi^-frni^V"' - 2iA^i;] } 



X - ^7'"A'=) 



(5.23) 



5.2.2 Chiral multiplet 

The chiral multiplet contains the following fields: 



(5.24) 



where are complex scalar fields which parametrize a Kahler manifold. Since we are 
interested in microscopic theories with canonical kinetic terms we take this Kahler mani- 
fold to be fiat and we choose its metric to be the constant rjij* = diag(+, +,...,+). The 
other fields in the chiral multiplet are x* which is a two components Dirac spinor and W 
which is a complex scalar auxiliary field. The index i runs in the representation TZ of Q. 
The covariant derivative of the fields X'^ in the chiral multiplet is: 



VX' = dX' + iri"' A\Ti)i,jX^ , 



(5.25) 



where {Ti)i*j are the hermitian generators of Q in the representation TZ. The covariant 
derivative of the complex conjugate fields X is: 



WX 



dT* - irf'A^Ti^j.X^* 



(5.26) 
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where 

(T,),,. ^ jT^J^r^ = (Tj),., . (5.27) 
The rheonomic parametrization of the curvatures is given by: 

Vx* = V'^VmX' -ifz'ip'' + H'lp - M^{Ti))z^'iij'= ■ (5.28) 

We can choose the auxihary fields if* to be the derivatives of an arbitrary antiholomorphic 
superpotential W{z): 



V 



dz^* 



Enforcing eq. (|5.29|) we get the following equations of motion for the spinors: 

y^i = ir^^r Q.,Q^:wx^^' - \\Tj))z^ - iM^Tif-x^ 

y^ci* ^ irf'oQ.Q^^Wx'" + \^^(Tif^.z^' - iM^ (J lY'^^x"^' 
Taking the differential of ( |5.30| ) one obtains the equation of motion for z: 

Uz' = r]''*di,dj*dk*W{z)(x^\'''*) -r]'^'dj.dk*W{z)d,W{^^ 



(5.29) 



(5.30) 



+P\Tj))z' - M'M\TiTj)y - 2iX\Tj))x' 



The first order Lagrangian for the chiral multiplet ( ^.24 ) is 

■' chiral 



n nWess—Zumino , n superpotential 

l-'chiral — '-'chiral + '-'chiral 



(5.31) 
(5.32) 



where 



Wess—Zumino 
chiral 



1 If"* 

2 '^mnp'-'- 



n 3 



_l_ i,r TT'"*'n-. 



Vz^ 
Vz^* 



2xr' 



ynyp 
ynyp 



ynyp 



+ 2ir]ij* Vz'^JrnX 



+ lv^J'H'H' emnpV^V^V^ + 

+ ^e„„p;2*M^(T,),,*x^'*7'"7/>^V^"l^P 
+ ze^„p^^'*M^(T,),.,r*7"^V^"V^^ 



z^ Vz' - z'Vz^ 



+ 
+ 



3 
1 
3 

6 



A A ^mnp > 

x''\\Ti),,,z^-r'\^\Tj),,,z^' 



z'P\Ti)--^ 



- K^v^A^m),,.) ;^*^ 

+ i (^7"A^^(T,),,.) 

- |M^M^^*(r,Tj),,.z^*e^„p\/'"y"y^' 
+ 2^M^(T,),,*z¥*^7^^l^"*, 



e V"-VP 



(5.33) 
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and 



n superpotential 



■"chiral 



+ 



d,d,Wiz)rY + d,^d,,Wiz)t''x'''] emu, 
H'diW{z) +H^'dj,W{z)] e„„pF"F"\/P 
2i \w{z) +W{z)\ ^-f^^^'V"' 



ynyp 
ymynyp 



(5.34) 



5.2.3 The space— time Lagrangian 

In the rheonomic approach ([^), the total three-dimensional A/'=2 lagrangian: 

gauge ~\~ ^chiral (5.35) 

is a closed {dCJ^^"^ = 0) three-form defined in superspace. The action is given by the 
integral of L^^"^ on a generic bosonic three-dimensional surface Ais in superspace: 



S 



Af=2 



Ma 



(5.36) 



Supersymmetry transformations can be viewed as global translations in superspace which 
move Then, being CJ^^'^ closed, the action is invariant under global supersymmetry 
transformations. 

We choose as bosonic surface the one defined by: 



Then the space-time lagrangian, i.e. the pull-back of CJ^^^ on A^s, is: 



nM=2 pkinetic , nfermion mass . ^potential 

'-st ~ *-st ' '-st ~T~ *-st 



where 



kinetic 
st 



-st 



(5.37) 
(5.38) 



r< fermion mass 
^t 



rtpotential 



-st 



+ \igij ix'yX-^ + T'yX'-^) } (fx 

[i {^'d,d,W{z)x^ +t'd,^dj,W{z)x'i*) 
-fjjKM'x'x^ - 2t' M\T,),,,x'* 
+2t [t'X\Ti)i,,z^ - r^A^(T7).,*z^*) 
+2agjj'x' X'^^ (fx 
-U{z,z, H,H, M,P)(i^x, 



(5.39) 



(5.40) 
(5.41) 



and 



i Tj] 



Uiz, z, H, H, M, P) = WdiW{z) + W dj*W{-z) - rnj^WR- 

-\gijP'P' - z'P\Ti),j*z'' 
+z'M\Tj),,.r]^'''M-\Tj)ki^f'' 
+2agijM'p-' + C'Cj'gijP' 



(5.42) 
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From the variation of the lagrangian with respect to the auxihary fields if* and we 
find: 



where 



(5.43) 
(5.44) 

(5.45) 



Substituting this expressions in the potential (|5.42|) we obtain: 

U{z,z,M) = -diW{z)r]'^'dj*W{z) 

+ lg^'^ (z^\Tj),,,z^) {z'\Tj)k*iz') 
+z''M\Tj),*^r^^^'M'{Tj)unz' 
-2a'gjjM'M' - 2aC\' QijM' - QijCjcJ 

-2aM' {z''iTj),*^z^) - C'CJ {z'' iTj),,jz^) 
5.3 A particular J\f = 2 theory: J\f = 4 

A general lagrangian for matter coupled rigid A/" = 4, d = 3 super Yang Mills theory is 
easily obtained from the dimensional reduction of the J\f = 2,d = 4 gauge theory (see 
Q). The bosonic sector of this latter lagrangian is the following: 



(5.46) 



JO 



'N=A 
bosonic 



9 



YM 

2 



^9 



2 

YM 



'YM 
1 



9^ 



fjKf'LM M'Y'' M'^Y'' - M'M'Tr [Q{fj fj)Cl 

fjKfiM y'y^ y'^y'' - yW Tt (q {f,, f 4 q) 



-l4^^^?,,Tr(Q(f^)QQ(f^)Q 



(5.47) 



The bosonic matter field content is given by two kinds of fields. First we have a com- 
plex field Y^ in the adjoint representation of the gauge group, which belongs to a chiral 
multiplet. Secondly, we have an ra-uplet of quaternions Q, which parametrize a (fiat)0 
HyperKahler manifold: 



Q 



V 



g^io, g^l^ G IR 
A G 

X G {1,2,3} 



(5.4J 



Once again we choose the HyperKahler manifold to be flat since we are interested in microscopic 
theories with canonical kinetic terms 
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The quaternionic conjugation is defined by: 

In this reahzation, the quaternions are represented by matrices of the form: 



IVa u 



■A* 



(5.49) 



(5.50) 



The generators of the gauge group Q have a triholomorphic action on the fiat HyperKahler 
manifold, namely they respect the three complex structures. Explicitly this triholomor- 
phic action on Q is the following: 

(5^Q = if^Q 



5' 



iVA u-^ 



rpl 
1 A* 



A*B 



-T 



AB* 



iVB 



(5.51) 



where the T^.^ realize a representation of Q in terms of n x n hermitian matrices. We 
define Tab* = {Ta*b)* , so, being the generators hermitian (T* = T-^), we can write: 



Ta' 



B 



T 



BA* 



(5.52) 



We can rewrite eq. ( |5.47| ) in the form: 



Ar=4 

bosonic 



J mn 



gijVmM'V'^M' 



2 



2^7 



2 

YM 



1 

'YM 

^M'M'Y'^fniLfjsY'' - M'm' {uTiTju + vTiT 



JV 



'YM 

2 

'YM 



■J. 



-Km9ij iyT^'^) {vT u) - lgl,^gjj 
+ (vT\) {vT\) - 2 (uT^u) {vT\) 



2Y'Y' [u{Ti,Tj]u + v{Ti,Tj]v 
uT^u] ( uT\ 



(5.53) 



By comparing the bosonic part of ( |5.38|) (rescaled by a factor — — ) with ( p.53| ), we see 

^YM 

that in order for a A/ =2 lagrangian to be also A/ =4 supersymmetric, the matter content 
of the theory and the form of the superpotantial are constrained. The chiral multiplets 
have to be in an adjoint plus a generic quaternionic representation of Q. So the fields 2* 
and the gauge generators are 



V2Y' 

9ymU^ 
9ymVA 



fjK 

{T^)a*b 



(5.54) 



-(T )ab* 

Moreover, the holomorphic superpotential W{z) has to be of the form: 

W (r, u, v) = Igtj^^^Y' va{Tj)a*bu'' . 



(5.55) 
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Substituting this choices in the supersymmetric lagrangian ( p.38| ) we obtain the general 
A/'=4 lagrangian expressed in M=2 language. 

Since the action of the gauge group is triholomorphic there is a triholomorphic mo- 
mentum map associated with each gauge group generator (see |^ ^ ^) 

The momentum map is given by: 



P = QTQ 



(5.56) 



where 



-2vT^u 



uT^u — vT^v 



-g-l dW/dYi 
2vT'u = g~l dW/dYi . 



(5.57) 



So the superpotential can be written as: 



(5.5^ 



5.4 A particular = 4 theory: J\f = 8 

In this section we discuss the further conditions under which the A^=4 three dimensional 
lagrangian previously derived acquires an Af =8 supersymmetry. To do that we will 
compare the four dimensional M=2 lagrangian of 
lagrangian of (rescaled by a factor whose bosonic part is: 



with the four dimensional A/'=4 



^M=i -D=4 
^bosonic 



1 



9^ 



1, 



-r -Tmn + TV— Vm0 +4^"'"^ ^ 



+ 64( 
+ 2 



lAB iCD 



lAB iCD 



+ 



^AB CD 



^AB CD 



^AB CD 



^AB CD 



)} 



(5.59) 



The fields tt"^^ and (p^^ are Lie-algebra valued: 



TT 



AB 
kAB 



(5.60) 



where are the generators of the gauge group Q. They are the real and imaginary parts 
of the complex field p: 



^AB 



AB' 



Pab = j=Jn^^-^<l^^^' 



(5.61) 



p"^^ transforms in the represention 6 of a global SU (4)-symmetry of the theory. Moreover, 
it satisfies the following pseudo-reality condition: 



P 



AB 



_l.ABCD-^ 
2^ PCD 



(5.62) 
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In terms of p the lagrangian ( p.59| ) can be rewritten as: 



bosonic 2 



PabP 



CD 



(5.63) 



The SU{2) global symmetry of the M=2, D=4 theory can be diagonally embedded into 
the SU{A) of the Af=A, D=A theory: 



W= ( ^ ) eSU{2)cSUiA). 



(5.64) 



By means of this embedding, the 6 of SU(4) decomposes as 6 — >• 4+1 + 1. Correspond- 
ingly, the pseudo-real field p can be splitted into: 



( V2Y g^^.^u igy^,^v \ 

-V2r ig^j^jV g^^jU 

V -WymV -QymU V2Y J 



a 



Y 



9ymQ 



(5.65) 



-iV2a^ ® Y 



V -9ymQ^ 

where Y and Q are Lie-algebra valued. The global SU (2) transformations act as: 

/ iV2a^®Y gy,,UQW \ 



P 



\ 



g,,, (UQW 



tv^d^ Y 



(5.66) 



Substituting this expression for p into (|5.63|) and dimensionally reducing to three dimen- 
sions, we obtain the lagrangian (|5.47| ). In other words the A/'=4, D=3 theory is enhanced 
to A/'=8 provided the hypermultiplets are in the adjoint representation of Q. 



6 Conclusions 

In this paper we have discussed an essential intermediate step for the comparison between 
Kaluza Klein supergravity compactified on manifolds AdS^ x X'' and superconformal field 
theories living on an M2 brane world volume. Focusing on the case with M = 2 super- 
symmetry we have shown how to convert Kaluza Klein data on Osp(2\A) supermultiplets 
into conformal superfields living in three dimensional superspace. In addition since such 
conformal superfields are supposed to describe composite operators of a suitable d = 3 
gauge theory we have studied the general form of three dimesnional N = 2 gauge theo- 
ries. Hence in this paper we have set the stage for the discussion of specific gauge theory 
models capable of describing, at an infrared conformal point the Kaluza Klein spectra, 
associated with the sasakian seven-manifolds (|1.15| ) classified in the eighties and now 
under active consideration once again. Indeed the possibility of constructing dual pairs 
{M2-brane gauge theory, supergravity on G/H } provides a challenging testing ground 
for the exciting AdS/CFT correspondence. 



42 



7 Acknowledgements 



We are mostly grateful to Sergio Ferrara for essential and enlightening discussions and 
for introducing us to the superfield method in the construction of the superconformal 
multiplets. We would also like to express our gratitude to C. Reina, A. Tomasiello and 
A. Zampa for very important and clarifying discussions on the geometrical aspects of the 
AdS / CFT correspondence and to A. Zaffaroni for many clarifications on brane dynamics. 
Hopefully these discussions will lead us to the construction of the gauge theories associated 
with the four sasakian manifolds of eg. ( |1-15|) in a joint venture. 



Appendix 
A Calculation of the Killing vectors 

To evaluate the left-hand-side of ( |3.2| ) which has the form e^c^, we use the Campell- 
Baker-Hausdorff formula for A an infinitesimal generator: 



= exp ( A + 5 + z,[B, A] + z^lB, [B, A]] + ■ ■ ■ + Zn[B, [■ ■ ■ [B, A] 



(A.l) 



where Zq = l,zi = Z2 = ^3 = 0; ^4 = ■ ■ ■ We plug the equation ( p.3|) itera- 
tively into (|A.1|) . Then one sees that for the operators D, and g"*, the compensators 
ho, hp and hg are zero. We can determine the complete expressions for their Killing 
vectors, 

k [Pm] = -i7i{p)dm, 
k[D] = +5{p)x-d + d{p)e\ 



dp 



= t{p)^+lip){lOfdrr., (A.3) 



where, 



Ap) = E(-)V, 

n=0 

oo 

kp) = T.i-r-'znP 



n=l 



^•^The coefficients z„ are determined recursively by 

1 , ^1 , ^2 



(n + 1)! n! 
*We write (76*')" = {-f"')"' p9^' ■ 



z„ = 0. (A.2) 
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OO -| 

d{p) = E(-)""V"''""' 

n=l 

OO -| 

n=0 

OO 



7(P) = E (-)""' (A-4) 

and 



n=l 



1 , 
c„+i = c„ + — , ci = 1 . (A.5) 

These functions satisfy some differential relations that are needed for the closure of the 
algebra. For example, 

n' — 1x5 = IT , 
-2t7 = TT, 

t' -td = it, 
7' + 7rf-7rf = ^7, (A.6) 

which ensures closure of the commutators [D,Pm], [D,q°'^] and {q°'\q^^}. Upon taking 
an 50(1, 2)-rotation for g = e^'"^ in (|3.2|) one sees that the compensator does not vanish 
but equals g, 

hj{y) = e^-'. (A.7) 

Consequently one finds the complete expression for the Killing vector of the generator 
J'", 

i[J-] = e-^P'^x,d,-Ue^^^)^^. (A.8) 

Similarly, for the SO{Af) group element g = e**^ "^'^ we find, 

/iT = e*-^" (A.9) 

and 

Notice that both for the S0{1,2) and the S'0(A/') the Killing vectors do not depend on 
the coordinate p. Finding the superspace operators for s^, is more involved. We 
restrict ourselves here to find the superspace operators for small p, i.e. close to the 
boundary of AdS. However we have checked that the expressions for the Killing vectors 
(|3.10|) and the compensators are complete. The s-supersymmetry is needed to 

find extra constraints on constrained superfields. There is no need to consider the K- 
transformations. A multiplet that transforms properly under s-supersymmetry will also 
transform properly under i^T-transformations since 

K^ = ^s'^ms\ (A.ll) 
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The Killing vectors for small p (first-order approximation) are 



k 

k[D] 

k [sn 



1 + iP 



d 



dei 2 

i 



d 



'-del 



_d_ 



4 



-I (1 - ip) (7™^^0" 

-f [si 7m [si, 



_d_ 



and the compensators (p << 1) are given by 



(A.12) 



W[P] 


= 0, 


Vr[g"*] 


= 0, 


iy[j"] 


= J"^ 


iy[L'] 


= 0, 


iy[s"i 


= fl 



[3"i = (1 - \P) - ^ (1 - ip) (7"^^')" Jra + l{l- \p) 



(A.13) 



Using the functions (|A.4|) it turns out that the change of coordinates from the (p, x, 
basis to the (p, z, ^)-basis can actually be written as 



X 

e 



t{p)^. 



(A.14) 



Using the properties ( |A.6|) one sees that indeed the bounary Killing vectors get the simple 
form of ( glOl) . 

Treating the boundary as a different coset, one understands that the superspace oper- 
ators a priori are not retrieved by just putting p = in the operators (|A.12|) . To illustrate 
this, let us look at the dilatation. Let us take g = e''^, then on the coset G/H^^^ we 
need a compensator h%^^ = g and find 



kD 



dAdS 



-x-d-lei ^ 



2 ""dei 



(A.15) 
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and one sees that this is not the Kilhng vector kD in the parametrization (p, x, 9) that 
acts on the coset representative (|3.7| ) with p = 0. Yet this is clearly the case for the 
(p, z, 9) parametrization. And hence the parametrization ( |3.8| ) is the most suitable for a 
comparative study between the boundary and the bulk of AdS superspace. 



B Useful identities 



7 7 7n = -7 



(B.i: 



Fierz relation, 



The following identity can be used to plug it iteratively in formula (|A.l 



(B.2) 



pD + ix-P + 9'q' ,RD + X-P + Q^q^ + L-K + j-J + J:^s^ + tjk T^^ 
(-2ix- L + i:'9') D 



+ 

+ 
+ 
+ 

+ 

+ 



lp&^ + lR9l^ + ^^r{9^J^-2zt^,9i + x"^ (S^7r.) J 
2ief"^"'LpXg + iJ:'j"'9') Jm 

-iJ:^'9^^)T^ . 



(B.3) 
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